The renormalization group relations for the higher-order hadronic vacuum polarization function perturbative expansion coefficients are studied. The folded recurrent and unfolded explicit forms of such relations are obtained. The explicit expression for the coefficients, which incorporate the contributions of the π 2 -terms in the perturbative expansion of the R-ratio of electron-positron annihilation into hadrons, is derived at an arbitrary loop level.
Introduction
A vast set of issues of contemporary elementary particle physics (which is basically of a straight relevance to various ongoing research programs and the future collider projects [1] [2] [3] [4] [5] [6] [7] ) is essentially based on the hadronic vacuum polarization function Π(q 2 ), the corresponding Adler function D(Q 2 ), and the function R(s). The theoretical investigation of these issues provides a decisive consistency test of the Standard Model and imposes firm restrictions on a possible new physics beyond the latter. In turn, an anticipated increase of the accuracy of measurements at the future experimental facilities calls for a further refinement of theoretical approaches, which address both perturbative and intrinsically nonperturbative aspects of hadron dynamics.
Factually, the perturbation theory and the renormalization group (RG) method remain to be a basic tool for the theoretical exploration of Quantum Chromodynamics (QCD) at high energies. Specifically, the calculation of pertinent Feynman diagrams constitutes a reliable way to obtain the perturbative expression for the hadronic vacuum polarization function of the form of Eq. (8) below. At the same time, the RG method also enables one to tie together the higher-order coefficients Π j,k entering Eq. (8) . At the few lowest orders of perturbation theory these RG relations assume a rather simple form, whereas at the higher orders such relations become quite cumbersome and their derivation requires considerable efforts.
The primary objective of the paper is to obtain the RG relations for the higher-order hadronic vacuum polarization function perturbative expansion coefficients Π j,k in a folded recurrent and unfolded explicit forms. It is also of an apparent interest to derive, at an arbitrary loop level, the explicit expression for the coefficients embodying the π 2 -terms in the perturbative expansion of the R-ratio of electron-positron annihilation into hadrons, which play a substantial role for the subject on hand.
The layout of the paper is as follows. Section 2 delineates the hadronic vacuum polarization function Π(q 2 ), the Adler function D(Q 2 ), and the function R(s), recaps their perturbative expressions, and expounds the corresponding RG equations. In Sect. 3 the RG relations for the higher-order hadronic vacuum polarization function perturbative expansion coefficients Π j,k are obtained in a folded recurrent and unfolded explicit forms and the explicit expression for the coefficients, which incorporate the π 2 -terms in the perturbative expansion of the R-ratio of electron-positron annihilation into hadrons, is derived at an arbitrary loop level. Section 4 summarizes the basic results. Appendix A contains a supplementary material.
Methods
2.1 Functions Π(q 2 ), D(Q 2 ), and R(s)
As discussed earlier, the theoretical study of a broad pattern of the strong interaction processes is inherently based on the hadronic vacuum polarization function Π(q 2 ), which is defined as the scalar part of the hadronic vacuum polarization tensor
with q 2 < 0 being the spacelike kinematic variable. The function Π(q 2 ) (1) satisfies the inhomogeneous RG equation
where µ 2 > 0 denotes the renormalization scale and γ(a s ) stands for the anomalous dimension. In Eq.
(2) a s (µ 2 ) = α s (µ 2 )β 0 /(4π) is the so-called QCD couplant, which satisfies the RG equation
where β(a s ) denotes the β function, β 0 = 11 − 2n f /3 is the one-loop β function perturbative expansion coefficient, and n f stands for the number of active flavors. For practical applications it is particularly convenient to deal with the Adler function, which is defined as the logarithmic derivative of the hadronic vacuum polarization function [8] 
with Q 2 = −q 2 > 0 being the spacelike kinematic variable. The Adler function satisfies the homogeneous RG equation
In turn, the function R(s), which is commonly identified with the R-ratio of electronpositron annihilation into hadrons R(s) = σ(e + e − → hadrons; s)/σ(e + e − → µ + µ − ; s), can be calculated as the discontinuity of the hadronic vacuum polarization function across the physical cut
or, equivalently, by integrating Eq. (4) in finite limits, specifically [9, 10] 
where s = q 2 > 0 denotes the timelike kinematic variable, namely, the center-of-mass energy squared. In Eq. (7) the integration contour in the complex ζ-plane lies in the region of analyticity of the integrand. The complete set of relations, which express the functions on hand in terms of each other, as well as a detailed discussion of their physical implications can be found in, e.g., Ref. [11] and references therein.
Functions
, and R(s) within perturbation theory
In the framework of perturbation theory the ℓ-loop expression for the hadronic vacuum polarization function (1) can be represented as
and, as immediatedly follows from Eq. (4), the corresponding expression for the Adler function reads
Note that the common prefactor N c n f f =1 Q 2 f is omitted throughout, where N c = 3 denotes the number of colors and Q f stands for the electric charge of f -th quark. The native choice of the renormalization scale µ 2 = Q 2 (that amounts to the RG summation in the spacelike domain) casts Eq. (9) to a well-known form (Π 0,1 = 1)
whereas the elimination of dependence of Eq. (8) on the renormalization scale was discussed in, e.g., Refs. [11] [12] [13] [14] [15] [16] . It is worthwhile to mention here that a general choice of the renormalization scale µ 2 = c Q 2 (with c = 1 being a positive constant) keeps in the resulting expression for the Adler function D (ℓ) (Q 2 ) all the terms proportional to the higher-order coefficients Π j,k (0 ≤ j ≤ ℓ, 0 ≤ k ≤ j + 1) appearing on the right-hand side of Eq. (9).
In turn, at the ℓ-loop level the anomalous dimension and β function entering Eqs.
(2) and (5) take the following form
The explicit expressions for the perturbative expansion coefficients Π j,k (8) and γ j (11) are currently available up to the fourth order in the QCD couplant a s , whereas the coefficients β i (12) are known up to the fifth order in a s , see Refs. [17, 18] and [19] , respectively. As for the function R(s), it can be calculated by making use of either of Eqs. (6) and (7). At the same time, it is necessary to emphasize here that the RG summation must be performed in Eqs. (8) and (9) in the spacelike domain prior to the application of Eqs. (6) and (7), respectively. Otherwise the effects due to continuation of theoretical results from spacelike into timelike domain may not be properly accounted for. In particular, the direct calculation of discontinuity (6) of expression (8) with subsequent assignment of the renormalization scale µ 2 = |s| (that factually amounts to an incomplete RG summation in the timelike domain, see, e.g., Refs. [13, 14, 16, 20] ) yields
where d j = Π j,1 stand for the Adler function perturbative expansion coefficients (10) and δ j embody the contributions of the so-called π 2 -terms (which play a significant role in the studies of the process on hand), namely
In this equation
and (n mod m) is the remainder on division of n by m. It is worthwhile to note also that the function R (ℓ) (s) (13) only partially retains the effects due to continuation of theoretical results from spacelike into timelike domain and has certain shortcomings, see, e.g., Refs. [9-11, 13, 14, 16, 20-22] and references therein for a detailed discussion of these issues.
3 Results and discussion 3.1 Recurrence relations for the coefficients Π j,k
As mentioned earlier, the RG equations for the functions on hand bind together the higherorder perturbative coefficients Π j,k appearing in Eqs. (8) and (9). In particular, at an arbitrary loop level the coefficients Π j,k (j ≥ 1; k = 1, . . . , j + 1) can be expressed in terms of the coefficients γ i (i = 1, . . . , j) entering Eq. (11) and (if j ≥ 2) Π i,0 (i = 1, . . . , j − 1). Specifically, Eqs.
(2), (3), (8), (11) , and (12) 
For example, at the first few orders of perturbation theory this equation yields Π 0,1 = γ 0 , Π 1,1 = γ 1 , Π 2,1 = Π 1,0 + γ 2 , Π 2,2 = γ 1 /2 (Π j,j+1 = 0 for j ≥ 1), see, e.g., Refs. [16, 18] , whereas at the higher-loop levels the corresponding RG relations for the coefficients Π j,k become quite cumbersome and can be found in Appendix A of Ref. [16] . At the same time, the RG equation for the Adler function (5) provides the relations for the higher-order perturbative expansion coefficients Π j,k , which, being equivalent to the aforementioned ones, have a somewhat different form. Namely, at any given loop level Eqs. (5), (3), (9) , and (12) enable one to express the coefficients Π j,k (j ≥ 2; k = 2, . . . , j + 1) in terms of the coefficients Π i,1 (i = 1, . . . , j − 1), specifically
In particular, at the first few orders of perturbation theory Eq. (17) yields Π 2,2 = Π 1,1 /2, Π 3,2 = Π 1,1 (B 1 /2) + Π 2,1 , Π 3,3 = Π 1,1 /3 (Π j,j+1 = 0 for j ≥ 1), whereas the RG relations for the coefficients Π j,k at the higher orders become rather cumbrous and are given in Appendix A.
At an arbitrary loop level the RG relations for the coefficients Π j,k , which follow from Eq. (17), can be represented in a compact recurrent form, namely
where
and T n = 1 2 n(n + 1)
denotes the so-called triangular number.
The obtained recurrence relations (18) and (19) can also be unfolded, that eventually results in the following explicit expressions for the higher-order coefficients Π j,k for, respectively, odd and even values of the second index:
. . .
where the coefficients B n and B i are defined in Eq. (20) . It is straightforward to verify that Eqs. (22) and (23) reproduce the RG relations for the coefficients Π j,k , which follow from Eq. (17), see Appendix A. It is worthwhile to mention that in certain cases Eqs. (18) , (22) , and (23) can be represented in a somewhat simpler form, in particular,
stands for the so-called harmonic number. At the same time, the higher-order coefficients Π j,k can also be expressed in terms of the coefficients Π i,0 and γ i (11) . Specifically, for this purpose the obtained results should be supplemented by the relations [16] Π 0,1 = γ 0 ,
In particular, Eqs. (18), (22), (23) , and (26), being applied jointly, reproduce the RG relations for the coefficients Π j,k , which follow from Eq. (16), see Appendix A of Ref. [16] .
Discussion
First of all, it is necessary to outline that the results obtained in Sect. 3.1 can be employed as an independent crosscheck for the perturbative calculations at the higher loop levels. At the same time, Eqs. (18) , (22) , (23) also enable one to find explicit expressions for all the coefficients Π j,k , which involve the hitherto known perturbative coefficients Π i,1 . As mentioned earlier, the latter are currently available up to the fourth order in the strong running coupling (i = 0, . . . , 4), therefore Eqs. (18) , (22), (23) provide, at an arbitrary loop level (i.e., for any given j ≥ 2), the explicit expressions for the higher-order coefficients Π j,j−n (n = 0, . . . , min{j − 2, 3}). For example, at the 10th and 25th orders of perturbation theory Π 10,9 = 4609 2520
where (see Refs. [12, [23] [24] [25] )
and ζ(3) ≃ 1.2021 stands for the Riemann ζ function. Additionally, Eq. (22) enables one to obtain, at an arbitrary loop level, the explicit expression for the coefficients δ j (14) embodying the contributions of the π 2 -terms in the perturbative expression for the R-ratio of electron-positron annihilation into hadrons (13) , namely (δ 1 = δ 2 = 0)
where the function K(n) is defined in Eq. (15) and the coefficients B n are specified in Eq. (20) , see also Refs. [11, 16, 20] and references therein for a detailed discussion of this issue. It is straightforward to verify that Eq. (31) reproduces all the explicit expressions for the coefficients δ j obtained earlier by making use of other methods, see, in particular, Appendix C of Ref. [11] , Sect. 4 of Ref. [20] , and Sect. 2.3 of Ref. [16] .
Conclusions
The renormalization group relations for the higher-order hadronic vacuum polarization function perturbative expansion coefficients Π j,k are studied. The folded recurrent [Eqs. (18) , (19) ] and unfolded explicit [Eqs. (22) , (23)] forms of such relations are obtained. The explicit expression for the coefficients δ j [Eq. (31)] embodying the contributions of the π 2 -terms in the perturbative expansion of the R-ratio of electron-positron annihilation into hadrons, which play a substantial role in the studies of the process on hand, is derived at an arbitrary loop level.
A RG relations for the coefficients Π j,k
As discussed in Sect. 3.1, at any given order j the hadronic vacuum polarization function perturbative expansion coefficients Π j,k (j ≥ 2; k = 2, . . . , j + 1) entering Eq. (9) can be expressed in terms of the coefficients Π i,1 (i = 1, . . . , j − 1) by making use of the RG equation (17) . The corresponding relations for the coefficients Π j,k at the first eight loop levels are presented in the following (Π j,j+1 = 0 for j ≥ 1). 
